We present an extended study of inflationary models that inflaton field is non-minimally coupled with gravity. We study parameters space of the models up to the second (and in some cases third) order of the slow-roll parameters for usual large field potentials in Jordan and Einstein frames that are connected each other by conformal transformation. We calculate inflationary parameters and the results are compared in both frames and also with observations. By using the recent observational datasets, we present a discussion in order to clarify the physical frame between Jordan and Einstein frames. Also, some suggestions are expressed in order to navigate us for the future works.
Introduction
Inflation as accelerating phase in the early universe can dissolve the defects of the big bang cosmology such as flatness, horizon and monopole problems. Moreover, it provides a good mechanism to generate the primordial density perturbations for structure formation of the universe and also tensor perturbations which are responsible to produce the primordial gravitational waves [1] [2] [3] . Despite these successes, the idea of inflation suffers from several ambiguities which the most important of them is the initial condition. We believe that inflationary epoch has emerged from Planck era, but we have no enough knowledge about how it is happened. Another important problem is that there is no unique model to explain inflation. To now, many versions of inflation have been proposed: single scalar field inflation, multi field inflation (in particular hybrid inflation), modified gravity models of inflation, non-minimal inflation and etc. Nevertheless, in this work we focus on the inflationary models with non-minimal coupling (NMC). The inflationary cosmology believes that a single scalar field (inflaton) is responsible to drive inflation and there is no any kind of matter in that era. When we look at the form of action in General Relativity (GR) for inflation, there is a minimal coupling (MC) between Ricci scalar as gravitational sector and scalar field as matter sector. According to the NMC idea, we can not disregard direct interaction between these two quantum fields [4] . Therefore, the form of action will be modified by adding the NMC term 
where V (ϕ) is potential of scalar field and ξ depicts the coupling constant that its value is profoundly effective on the viability of an inflationary scenario. Because of some difficulties, using the NMC idea is not delicious for us. But it is forced upon our cosmological situations. In principle, NMC arises in the presence of the quantum corrections of scalar field, even it is necessary at the classical level for renormalization of scalar field theory in curved space [5] . As a result of this reality, the NMC term is unavoidable in many cosmological investigations. It is pointed out that the NMC term can be included other forms of ϕ not only ϕ 2 . Nevertheless, in this paper we use the ready shape because our purpose is concentrated on the conformal transformation and the issue of frames. Although this form is beneficial for us, sometimes it can be distractive. For example, some authors consider a pure mass term 1 2 m 2 ϕ 2 for inflaton in the action (1) that its shape is distorted by the NMC term. Therefore, it is more difficult to achieve the slow-rolling scalar field. In fact, the NMC term plays the role of an effective mass for inflaton. About the value of coupling constant ξ, there are two approaches, generally. The common attitude in the literature on non-minimally coupled scalar fields is that ξ is a free parameter to fine-tune at one's own will in order to solve problems of the inflationary scenario under consideration [6] . Sometimes this standpoint is not suitable for our physical situations because of its problems. Therefore, we can focus on a more rigorous approach. It consists the range of values of ξ that are fixed by particles physics [7] . In fact, the first approach is regarded when we have no prescription for ξ. The value of ξ in this attitude depends on the nature of inflaton and on the theory of gravity under consideration. In the presence of the NMC, we are faced with many difficulties in our inflationary models. Therefore, we can use the conformal transformation g µν = Ωg µν (2) to escape them due to the fact that it is often used as a mathematical tool to map the equations of motion of physical systems into mathematically equivalent sets of equations that are more easily solved and computationally more convenient to study. In the equation (2), conformal factor Ω = Ω(ϕ(x)) is a differentiable and non-zero function. The conformal transformation is involved with many gravitational theories that are based on scalar field because of the dependence of Ω to scalar field. Theories include scalar-tensor and non-linear theories of gravity, Kaluza-Klein theories, fundamental scalar fields include Pseudo-Nambu-Goldstone bosons (PNGB), Higgs bosons and dilatons in supergravity theories and many inflationary scenarios that are built on scalar field [8] [9] [10] [11] [12] [13] . In the present work, we use the conformal transformation (2) for the inflationary models with NMC. Unfortunately, using the conformal transformation is haunted by confusion and ambiguities in particular the issue of frames that this work is dedicated it. By the conformal transformation, we transfer the parameters space from Jordan frame (the main frame) to Einstein frame (the conformal frame) that is easier to study. We expect that the results of two frames be the same (physically equivalence) because they are mathematically equivalent. At the classical level, two frames are somewhat equivalent, but it seems that in the high energy level and in the presence of quantum corrections, the physical equivalence between two frames will be broken. Now, we are encountered with important questions. As example, why the conformal symmetry (the physical equivalence) breaks when the quantum effects are considered? and if we accept the discrepancy between the results of two frames, which of them is the physical frame?. The subject is still open and there are some works that are specified to the frames problem [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Our purpose in this paper is the presentation of a better judgment about the physical frame between Jordan and Einstein frames by non-minimal inflation. All above information give us motivation to arrange the paper as follow. In section 2, we describe inflationary analysis for two potentials in two frames, separately. The obtained results compare with observations in section 3. In the section 4, we present a quantitative discussion and outlook about the issue of frames based on the obtained result. Eventually, the section 5 is dedicated to the summary.
The Inflationary Analysis in Two Frames
In this section, we present inflationary analysis for two large filed potentials in Jordan and Einstein frames, respectively.
Jordan Frame
The form of action in this frame (1) includes the explicit term of NMC between the Ricci scalar and scalar field. By varying it with respect to ϕ, the Klein-Gordon equation is found as
where overdots denote time derivatives. Also, the variation with respect to the metric leads to the Einstein equation as
whereT
It is obvious that for ξ = 0, we obtain the familiar equations in GR. The equation (4) can be rewritten in two different approaches. In the first, we deal with an effective and ϕ-dependent gravitational constant as
which this attitude is analogous to the Brans-Dicke theory because scalar field ϕ BD is equal to the inverse of an effective gravitational constant
. In this approach, the Einstein equation (4) is rewritten as
where κ 2 ef f ≡ 8πG ef f . In the second viewpoint, we are faced with a ϕ-independent gravitational constant G, so the equation (4) is found as
where
It is pointed out that employing the approaches (7) and (8) introduces two critical values of scalar field for ξ < 0 as
which are barriers that scalar field can not cross them. In fact, the transition from the equation (4) to eqs. (7) or (8) leads to encounter with a restricted class of solutions. Another important point is that the conservation equation for the energy-momentum tensor is valid for the equation (8) due to the contracted Bianchi identities ∇ ν G µν = 0. But, for the origin form of the Einstein equation (4), it is preserved only for the case of ϕ = const. To achieve the Friedmann equations in the presence of NMC, we assume a spatially flat FRW cosmology with line element ds
Therefore, the equations take the following form
The majority of conventional inflationary scenarios are involved with the slow-roll approximation. According to this approximation, inflaton slow rolls from the start point of inflation to the end point of it so that its conditions in the Hamilton-Jacobi formalism are defined as
Note that in this frame, we deal with the Hamilton-Jacobi formalism of the slow-roll approximation. Also, the slow-roll parameters play a vigorous role in our setup and we can find them as
where overdots depict time derivatives and prim implies to
. It should be kept in the mind that during inflationary phase, the slow-roll parameters remain less than unity and inflation ends when the condition ξ = 1 or η = 1 is fulfilled. In order to keep the analysis, we focus on two usual inflationary potentials chaotic inflation and power-law potentials, respectively.
Chaotic Inflation Potential
A pure mass term
is the simplest potential for inflaton and also is an appropriate example to exhibit the manner of even potentials. In the form of this potential, M ∼ 10 −6 m pl is the mass of inflaton. In fact, in the presence of NMC term, we deal with an effective mass m ef f = (m 2 + ξR)
Note that there is no inflationary solution for the large positive value of ξ, so we restrict ourselves to ξ ≤ 1 6 . The field equations (3) and (11) for this potential in presence of the slow-roll conditions (12) are found as
By using above equations, the slow-roll parameters (13) are calculated as
and
where κ 2 = 8πG. For our purpose, the obtained slow-roll parameters should be depended only to ξ. Therefore, we consider these parameters for the beginning and the end of inflation by definition of new quantities β (for the end of inflation) and m (for the time of Hubble Crossing (HC)) as
where ϕ HC and ϕe imply to the value of infalton at the time of HC and the end of inflation, respectively. We know that inflationary period ends when ǫ = 1 or η = 1 be satisfied. Hence, by combination of the equation (19) and the rewritten slow-roll parameters at the end of inflation, we arrive to the explicit expression for β. But, the situation for the time of HC is very different because the initial condition of inflation is not clear, completely. Therefore, we assume three different confined cases for the time of HC. They include the Exact Case which there is no any comparison between the value of inflaton at time of HC and the end of inflation, the Case of m ≫ β which the value of inflaton at the beginning of inflation is much bigger than its value when inflation ends and the Case of m ≪ β which the value of inflaton at the start of inflation is much smaller than its value when inflation ends. By setting the condition of ǫ = 1 in the equation (16) and by using the equation (19), β takes the following form
and also we can rewrite the slow-roll parameters at the time of HC by using the equation (20) as
The number of e-folds has great role in inflationary analysis and it can be defined as
where subscripts e and i denote to the end and the start of inflation, respectively. The fact is that the scales of interest to us crossed outside of the horizon approximately 60-e-folds before the end of inflation. The number of e-folds for this potential in the Jordan frame takes the following form as
since the above equation has no analytical solution to m, by expanding it and keeping the first order terms, N is found as
As we noticed before, the parameters (22) to (24) can be rewritten for the three different types of the initial condition, separately. Now, we focus our attention to those and also find some phrases for m.
•Exact Case
In this case, there is no comparison between the values of inflaton in two points (the start and the end of inflation), so we deal with the perfect form of the equation (27) and for m, we find
We note that suitable choice for m 2 depends to the value and the sign of ξ and also to the positive definition of m 2 and β 2 . The form of the first order of spectral index in the Jordan frame is as n s = 1 − 6ǫ + 2η (29) and by combination of eqs. (22), (23) and (28), we have
The form of the second order of spectral index is given as
where C ≡ 4(ln2 + γ) with γ = 0.577. By putting the eqs. (22) to (24) and (28), we can reach to the form of the second order of spectral index in this limited case. Another inflationary parameter is the first order of running of spectral index
and for the exact case
The second order of the running of spectral index is defined as
again by substitution of the eqs. (22) to (24) and (28) in the above equation, one can obtain the form of the second order of the running spectral index. The last important inflationary parameter is the tensor-to-scalar ratio that it is defined as
and for this case
Note that in the above equations, Ψ takes the following form
•Case of m ≫ β
By setting the condition of this case on the equation (27), the form of m 2 is found as
The inflationary parameters in this limited case is the same with the previous case. But, the form of Ψ is as
•Case of m ≪ β By adopting the equation (27) with the condition, we have
The first order of spectral index (29) in this case is driven as
and the first order of the running of spectral index (32) takes the following form as
By applying the eqs. (22) to (24) and (41) in the eqs. (31) and (34), we attain the form of the second orders of spectral index and the running spectral index, respectively. Also, the tensor-to-scalar ratio in this case follows as
Power-Law Potential
The power-law potential
is one of the most significant potentials in the inflationary literatures. In this potential, λ is the dimensionless self-interacting constant and also we are interested for n ≥ 4. It should be kept in the mind that potential for n > 6 gives rise to power-law inflation. The field equations can be found as
and by substitution of these equations into the equation (13), the slow-roll parameters for this potential are demonstrated as
For obtaining the value of λ, we engage the COBE normalization as
which for the value of ξ gives λ = O(10 −12 ). By putting ǫ = 1 in the equation (48), for the end of inflation we find β as
The slow-roll parameters can be rewritten at the time of HC as follows
For this potential, the equation (25) for N is translated as
and by expanding and keeping the first terms, we have
Now, we consider three confined cases such as the previous potential.
•Exact Case
By rewriting the equation (57), we find
and by putting the above equation and the eqs. (53) to (55) in the eqs. (29), (31), (32) and (34), one can reach to the first order of spectral index, the second order of spectral index, the first order of the running spectral index and the second order of the running spectral index, respectively. Also, by using the eqs. (35) and (36), the tensor-to-scalar ratio in this limited case takes the following form
The form of m 2 in this case, by applying the condition is given as
The form of all inflationary parameters in this case are similar to the last case if we omit β 2 . In the limited case of m ≪ β, there is no inflationary analysis because there is no inflationary solution.
Einstein Frame
By applying the conformal transformation (2), the conformal factor is defined as 1 + κ 2 ξϕ 2 . Therefore, the form of action in this frame is found as follows
We notice that all quantities in the Einstein frame are labeled by hat. The scalar field in this frame is redefined as
and also we deal with an effective potential
By considering FRW metric, the line element is found as
whereâ = √ Ωa and dt = √ Ωdt. Also, the field equations in this frame take the familiar form of GRĤ
Moreover, the quantities in two frames are connected each other by the following equationŝ
Since in the Einstein frame the effective potential plays an important role, we consider the slow-roll approximation that is built on potential. The slow-roll conditions are defined aṡφ
and also we can define the slow-roll parameters aŝ
where prime implies to the differentiation with respect to the redefined scalar fieldφ. We notice that in the Einstein frame, inflation ends whenξ = 1 orη = 1. Such as the Jordan frame, we consider two usual large field potentials.
Chaotic Inflation Potential
The form of effective potential is expressed aŝ
and also we find the slow-roll parameters aŝ
To have a graceful exit from inflationary phase, we need toǫ = 1. Hence, by combination of this condition and eqs. (19) and (71), we can find β as the following form
If we rewrite the slow roll parameters for the beginning of inflation, we havê
Also, the number of e-folds can be introduced aŝ
also the number of e-folds in two frames are connected each other bŷ
If we apply the equation (78) for this potential, we arrive tô
and by using the expansion and keeping the first order termŝ
The strategy for this frame is like the Jordan frame, so we consider three limited cases again.
•Exact case
For obtaining the form of m 2 in this case, the above equation is rewritten as
Now, we can obtain the inflationary parameters for this confined case. The first order of spectral index in this frame defines asn
where in this case can be translated aŝ
The second order of the spectral index can introduce aŝ
By applying the eqs. (75) to (77) and (82), one reach to the form of the second order of spectral index. Also, the first order of the running of spectral index in this frame can be defined as followsα
where in this confined casê
The second order of the running spectral index in the Einstein frame can be expressed aŝ
by using the slow-roll parameters in this case, one can obtain the form of the second order of the running spectral index. The form of the tensor-to-scalar ratio defines aŝ
and for this casê
Note that in the above equations, σ takes the following form
•Case of m ≫ β By setting the condition of this case on the equation (81), the form of m 2 is found as
All inflationary parameters in this case are the same with the previous case with different form of σ as σ ≡ 1 + 4ξ
•Case of m ≪ β By adopting the equation (81) with the condition, we have
The expression for the first order of spectral index (83) follows aŝ
By engaging the eqs. (75) to (77) and (95) in the eqs. (85), (86) and (88), one can obtain the second order of spectral index and the first and second orders of the running spectral index, respectively. For the tensor-to-scalar ratiô
Power-Law Potential
The definition (63) for this potential can be written aŝ
and by combination of the above equation and the equation (69), the slow-roll parameters take the following formsǫ
(101)
By settingǫ = 1 to the end of inflation, the form of β follow as
For the start of inflation, the slow-roll parameters are rewritten as following termŝ
Also, the number of e-folds can be driven aŝ
and by expanding the above equation
In this limited case, the equation (106) can be rewritten as
and by setting the above equation and the eqs. (103) and (104) in the eqs. (83), (85), (86) and (88), we can achieve to the first order of spectral index, the second order of spectral index, the first order of the running spectral index and the second order of the running spectral index, respectively. Also, by using the eqs. (89) and (90), the tensor-to-scalar ratio follows aŝ
We can express the form of m 2 as
also all inflationary parameters in this case are the same with the previous case if we neglect β 2 in the equations. In the case of m ≪ β such as the Jordan frame, there is no inflationary solutions for this potential.
The Analysis of Obtained Results in Two Frames
In this section, we analysis our results in two frames for both potentials by comparing with the latest observational datasets. The Planck satellite reveals the spectral index as n s = 0.9652 ± 0.0047, the running spectral index as dns dlnk = −0.022 ± 0.010 and the tensor-to-scalar ratio as r < 0.099. Tables 1 and 2 show the obtained results for chaotic inflation potential in Jordan and Einstein frames, respectively. By comparing two tables, we can see that in the exact case, the first order of spectral index for both frames have big difference and also the numbers in the Einstein frame have much better consistency with observational data. For the second order of spectral index, the discrepancy between two frames is preserved and again the Einstein frame has better condition than the Jordan frame. About the running spectral index, tables show that the obtained results for the first and second orders are different in two frames and the values in the Einstein frame is more close to observations. Also, the tables present the values for tensor-to-scalar ratio in two frames. In the next limited case, the analysis is almost similar to the previous case. For the third specific case, the story is different than other cases. The tables reveal that the values of the first and second orders of spectral index are the same in both frames, nearly. In other words, the Jordan and Einstein frames are almost equivalent. But, there are some differences between two frames for running spectral index. Moreover, it seems that the Einstein frame has better agreement than the Jordan frame in this case. In addition to the above consequences, we can see that for all three cases the values for ξ = . Another large field potential for inflation is power-law potential. To analysis the issue, the calculation are done in case of n = 4. The tables 3 and 4 present the values for inflationary parameters in both frames for different cases. For the first order of spectral index in the exact case, two frames have insignificant difference and the Jordan frame has better agreement with observational datasets rather than the Einstein frame. Also, they have maintained the difference for the second order of spectral index with different values. Likewise, the tables reveal that running spectral index is negative for this potential and again the Jordan frame has better consistency with observational data than the Einstein frame. For the next case, values and situation between frames are almost the same with the exact case. Such as the last potential, the values for ξ = 1 12 is much better than ξ = 
Discussion and Outlook
In the previous sections, the obtained results for two large field potentials in non-minimal case compared for Jordan and Einstein frames. Now, we are going to discuss about these consequences and its relation with the issue of frames as the main purpose of this paper. As we know the chaotic and power-law potentials as large field potentials have engaged in wide range of inflationary scenarios. In principle, the form of potential is V (ϕ) = 1 2 M 2 ϕ 2 + λϕ 4 + V 0 where two first terms are very usual among people. Therefore, we can also compare the results for two potentials from this viewpoint. Based on the results, the chaotic potential as a large field potential, not only has some values in case of m ≫ β also it has some values in case of m ≪ β.
In other words, inflaton shows a derivation from its nature so that it has twofold behaviour.
But, we cannot see this derivation for the power-law potential. Hence, it seems that the power law potential can reveal the nature of large field potentials better than chaotic potential. Now, we can look to these consequences from two frames approach. According to former works that have done about the issue of frames, Jordan and Einstein frames which are connected each other by conformal transformations are physically equivalent and at the presences of quantum corrections of inflaton, we might find some discrepancies between two frames. The results in the previous section for two potentials present that the physically equivalent for two frames in chaotic potential can be found only in the case of m ≪ β and the mentioned derivation plays an important role for this potential. But, for power-law potential, the difference between two frames is not very significant and we can claim both frames are nearly equivalent. Despite the above results, if we focus on disagreement between two frames in two potentials, some interesting results can be found about the issue of frames. The values for inflationary parameters in tables claim that for the chaotic potential, the Einstein frame has better agreement with observations than the Jordan frame and this situation is different for the power-law potential so that the Jordan frame is physical frame respect to the Einstein frame. It seems that the behaviour of inflaton decides about the type of physical frame. The above analysis dissolve that the dual behaviour of inflaton in the chaotic potential is mysterious. Therefore, finding its nature can be very useful to raise of our knowledge from the nature of inflaton. In order to clarify this issue, a few points might be considered, briefly. It is very well to keep in our mind that the mass term in the form of chaotic potential might has strange influences in inflationary scenarios particularly at the presence of quantum corrections of scalar field. Also, we know that inflaton in the chaotic potential behaves like a harmonic oscillator, so it might be possible to assume a dual manner for inflaton. Another important case to point out is that we usually avoid from considering some vital factors in our inflationary situations in order to smooth the model. As example, we can remark to the role of temperature in the early universe era or some features for perfect fluid like viscosity and some feasible corrections from the string theory that can be added to the model as the perturbations of our inflationary scenario. We know that the issue of frames is an unresolved problem in GR and there are some attempts to clarify the issue by means of some gravitational scenarios. But, people usually tend to avoid from involving with this ambiguity in the papers. The present paper attempt to describe some hidden aspects of the issue of frames in order to illuminate the future landscape. Because of this, the author would like to express some important points that might be effective to have better perception about the problem. Despite the above discussion about the issue of frames, some people do not believe to this issue they think the Jordan and Einstein frames are always equivalent physically because of the covariance principle in GR. But, some theoretical evidences show that the existence of difference between two frames is not out of mind. An example, we know that in some quantum situations the equivalence principle of GR will be broken because in quantum level we need to Quantum Gravity (QG) theory to describe the universe. Therefore, breaking other principles of GR such as covariance principle might be happened in quantum level. In principle, to present a better judgement about physical frame between Jordan and Einstein frames, it is better to assume this issue in the context of quantum gravitational theory or at least in the presence of some quantum corrections of the model. It is obvious that QG as usual quantum gravitational theory is not available for us, so talking about the frames problem is possible only by considering some quantum corrections.
Summary
The issue of frames as an old open question in GR considered in the present work and we attempted to clarify this problem by non-minimal inflationary models. According to the strategy, firstly we presented non-minimal inflationary analysis and then introduced Jordan and Einstein frames. We continued the analysis for two usual large field potentials with different limited cases in two frames, separately. In the next step, we compared the calculated inflationary parameters for two potentials in both frames with observations in order to clear the issue of frames. The obtained results showed that there are some derivations for the chaotic inflation potential in case of m ≪ β, however we can not see the derivation for another large field potential. Also, we realized that by accepting the difference between two frames, for the chaotic inflation potential the Einstein frame is the physical frame and for power-law potential the Jordan frame is the physical frame. Moreover, we presented a quantitative discussion about the obtained results and some important points as outlook. As we told the quantum corrections can have significant role in the issue of frames, so it might be interesting for the future works. Because of this reason, we propose some quantum considerations to clarify the issue of frames by non-minimal inflation. First suggestion is using the deformation of phase space of classical gravitational theory by non-commutatively of mini-superspaces. We know that there are many physical theories that are considered from non-commutative approach. Among those, we are interested about the effects of non-commutativity upon cosmological scenarios by the formulation of a version of non-commutative cosmology in which a deformation of mini-superspace is required. In fact, by using deformation mechanism, we map from the classical phase space to quantum phase space of theory and it is expected that some new features can be available than the classical case. Another proposal to consider quantum corrections for the issue of frames is applying the Finsler geometry as a general form of Riemannian geometry in our cosmological scenarios. We know that the Riemannian geometry as a base of GR have a great role in our cosmological scenarios. The standard cosmological model has achieved many successes to explain the universe and some observations can support them, but there are some cosmological phenomenas that GR is unable to illuminate them such as Dark Energy (DE) problem. Because of this, some people prefer to modify the GR by producing some changes in gravity sector of the Einstein field equation as modified theories of gravity. Another group of people are interested to make some changes in the matter sector of the Einstein field equation by considering some new components for the universe. After Discovering DE, both approaches are conventional in cosmological papers. There is a different viewpoint with two mentioned approaches which is based on some fundamental changes in GR. According to this, it seems that making some changes in background geometry can open new windows to us in order to clarify the mysteries of the universe. The candidate for this important work is Finsler geometry. There are many attempts to apply this geometry for various aspects of cosmology, however they are restricted to use the effective form of this geometry only by using Finsler metric instead FRW metric in Riemannian background. In fact, the transition from Riemannian to Finsler geometry basically is a fundamental work and it is very difficult to perform, so people are forced to apply this geometry effectively. 
